Abstract-Understanding bacterial infection is challenging because it involves a complex interplay of host, pathogen, and intervention factors. To design successful control measures, mathematical models that quantify such interplay at the level of populations and phenotypes are needed. Here, we study a key aspect of intracellular infection: the interaction dynamics between bacteria and target cells, applicable to pathogens such as Salmonella, E. coli or Listeria monocytogenes. Our mathematical model focuses on the macrophage-bacteria system, implicitly accounting for host immunity, and illustrates three infection scenarios driven by the balance between bacterial growth and death processes. Our analysis reveals critical parameter combinations for the intracellular vs. extracellular fitness advantage of persistent bacteria, and the drivers of overall infection success across acute and persistent regimes. Our results provide quantitative insights on transitions from persistent, to acute, to containment of infection, and suggest biological parameters, such as infected macrophage apoptosis rate and burst size, as suitable intervention targets.
I. INTRODUCTION
Bacterial infections constitute a major concern for human health, especially in the context of rising antibiotic resistance [1] , [2] . Clinical manifestation of infections caused by pathogenic bacteria reflects a complex interplay between microbe, host and intervention factors. While the innate and adaptive immune system actively fight infection, the growth dynamics of bacteria as a function of their resource is also very important. Macrophages are among the main phagocytic cell types of the innate immune system, and are often targeted by pathogenic bacteria for intracellular growth [3] .
Several species have evolved sophisticated mechanisms to interfere with host factors for invasion, replication and spread in the intracellular compartment [4] . The intracellular lifestyle protects bacteria from the complement or adaptive immune response of the host, and from the activity of antibiotics [5] . Intracellular bacteria also compete less with other resident bacteria for nutrients. Bacterial species able to live within professional phagocytic cells such as macrophages include Salmonella [6] , Listeria monocytogenes [7] , Mycobacterium tuberculosis [8] , Shigella and some E. coli strains. These can cause acute infection in their host or establish a persistent infection, sometimes in the absence of clinical disease.
In this study, we adopt a minimal mechanistic approach to describing and understanding intracellular infection dynamics of bacteria. What are the processes that determine *This work was supported by a NOS Alive-IGC fellowship to F. P. [9] , antibiotics, and host-directed therapies [10] .
II. MATHEMATICAL MODEL
We study intracellular infection by modeling three populations: an extracellular bacterial population, B, target host cells representing uninfected macrophages, M , and infected macrophages, I, permissive to intracellular bacterial replication. The model shares features with previous models of bacterial infection [11] , [12] , [13] and viral dynamics models [14] , [15] , [16] .
Extracellular bacteria infect susceptible macrophages at rate β, and then reproduce exclusively in the intracellular compartment, in macrophages. Upon necrosis at rate δ, infected phagocytes burst and release bacteria, at burst size N , in the extracellular environment. Infected macrophages can undergo apoptosis at rate a, in response to pro-inflammatory stimuli generated by the infection. Extracellular bacteria instead are eliminated in the host at rate, c, under the action of other immune cells from the innate immune system, e.g. neutrophils.
The role of adaptive immune mechanisms [6] , [17] is assumed static, and can be considered implicit in this model, reflected possibly in the magnitude of parameters such as β, a, c. We assume for the baseline dynamics of uninfected macrophages a logistic growth with parameters r, and K, but the results are very similar if we were assume constant recruitment and decay rate under conservation of the same equilibrium level [11] . The dynamics are given by:
Notice, we do not model antibiotic treatment, as our aim is to provide analytic insights into the baseline dynamics at the local site of infection under no intervention. Initial conditions for the system are (M 0 , I 0 , B 0 ) = (K, 100, 0). In addition, we assume an extinction threshold (B ext = 0.1) to represent stochastic extinction at low bacterial population numbers. Model parameters and some values for illustration are summarized in Table 1 . Although these do not represent a particular infection, they should fall within a realistic range that can be investigated further. We highlight their critical relationships, which hold in generic manner and are analyzed below.
III. RESULTS

A. Three infection outcomes
We find the model admits three possible infection outcomes: i) containment, when bacteria do not grow in the host but are gradually cleared, ii) growth, followed by persistent infection, iii) growth, followed by clearance yielding acute infection ( Figure 1 ). The first scenario results when microbial death processes dominate over growth processes during infection, and replication inside macrophages is insufficient compared to clearance. For example, the extreme case N = 0 corresponds to total blocking of intracellular replication, and effective bacterial clearance through phagocytosis.
The second scenario results when growth and death within host balance to maintain infection at intermediate levels.
In that case, the macrophage-bacteria system undergoes a finely-tuned prey-predator type dynamics, characterized by oscillations around an equilibrium value. In this case, all three within-host populations remain in the positive range.
The third scenario, of an acute type, results when growth processes are very strong, leading to fast resource consumption followed by a drastic bacterial decline, such that extinction is hit before target cells have recovered. An extreme case of the third scenario results when both bacteria and its resource, in this case macrophages, go extinct due to bacterial over-proliferation.
We find that bacteria can persist within host only if the parameters satisfy a critical condition:
This is similar to the critical threshold for disease persistence given by the basic reproduction number, R 0 > 1, in epidemic models [18] . Above, our condition says that only if the maximal level of resource, in this case the carrying capacity K of target host cells, is large enough relative to the 'consumption' rate, reflected in β, and such that growth dominates over death processes, the bacteria can persist. The reverse implies that the persistence equilibrium does not exist and that the containment equilibrium (K, 0, 0), with macrophages at their maximum level and no infection, is stable. The exact expressions for the persistence equilibrium are given in the Appendix. Notice that an obvious sub-condition in Eq. 4 is a high enough intracellular replication of bacteria relative to the lifespan of infected macrophages: N > a+δ δ . In Figure 2 we illustrate how the persistence equilibrium depends on critical model parameters. Figure 2A shows that Table 1 (i). Bottom row (D, E, F) other parameters as in Table 1 (ii).
for a given apoptosis rate, the bacteria can persist only if burst size N is sufficiently big. The equilibrium level of extracellular bacteria decreases with burst size and apoptosis rate. Figure 2B shows how the bacterial peak depends on burst size, for three values of macrophage apoptosis rate. In Figure 2C -D, we show the dependence of theoretical equilibrium and numerical peak level of infected macrophages on model parameters. As infected host cells are cleared faster, the opportunities for bacterial persistence decrease, leading to a lower and lower level of infection. This means in certain scenarios (e.g. a high), bacterial persistence can be maintained at undetectable levels, consistent with asymptomatic carriage.
B. Intracellular vs. extracellular persistence
Our analytical approach to infection allows us to investigate more in detail the conditions for when intracellular microbial growth dominates bacteria found in the extracellular compartment. One important measure is the ratio between infected macrophages and extracellular bacteria at equilibrium, which in our model is given by: Figure 3 illustrates this ratio decreasing with N . extracellular bacteria start to dominate for high burst size values, and this happens at lower N when the lifespan of infected macrophages increases, i.e. for lower apoptosis rate a.
We must note however that the ratio I * /B * is more conservative with regards to extracellular bacteria, as it implicitly accounts for recently-infected macrophages, which start with one engulfed bacterium are more likely to harbour low cell numbers, compared to longer-lived (older) infected macrophages, which most likely harbour bacterial cell numbers close to N . But, since we do not track the age of infected cells in our model, we consider I * /B * to be a good indicator of intra-vs. extracellular persistence of bacteria.
Another measure for intracellular infection fitness is the proportion of macrophages that are infected at equilibrium:
Its explicit exact formula, in terms of model parameters, is more complicated, but in Figure 4 we illustrate for example how this quantity increases with burst size N , and r, the replenishment rate of uninfected macrophages. When r is 100-fold higher, the bacteria can maintain a roughly 100-fold higher proportion of infected cells. While fast replenishment of phagocytes may act as a strong positive feedback on infection, as apoptosis rate a increases, the proportion of infected macrophages goes down. Different parameters can have contrasting effects on infection. By taking advantage of our system's analytical tractability, we also find an implicit expression for the proportion of infected macrophages, as a function of extracellular bacteria, given by a simple saturating function:
indicating that after a while, increasing the number of bacteria released in the extracellular environment (e.g. by higher N ), does not pay off in terms of augmenting the prevalence of infection in macrophages.
IV. DISCUSSION In this study, we highlighted the main processes responsible for the outcomes of intracellular bacteria-macrophage dynamics. This system is regulated by parameters that control bacterial entry into target cells, proliferation and extracellular survival. For bacterial growth, a critical relationship between multiple fitness dimensions is needed, balancing intracellular growth and extracellular survival. Furthermore, only specific parameter combinations create optimal conditions for persistence. Too much proliferation may deplete the very conditions needed for growth, while not enough proliferation will make bacteria die out. Thus, an intermediate rate of growth seems optimal, as has been shown in studies which account for host mortality and pathogen virulence [19] .
It is known that intracellular bacteria often display smallcolony variants to increase within-host success [20] , a trait shown to evolve during adaptation to intracellular lifestyle in macrophages [21] . Probably this reflects an optimal strategy to resolve the trade-off between 'resource' use for current proliferation and 'resource' availability for future growth, represented in our model, for example, with intermediate burst size. It is precisely at such attenuated growth rates that bacterial immune evasion is most probable, as the infection may persist undetected, hampering clearance.
Our model indicates that if any of the biological parameters changes during the course of time, an infected patient may shift from low-level chronicity to full-blown infection. The exact outcome will depend on the complex co-adaptation feedbacks between bacteria and host cells [22] , and ultimately their net effect on cell population phenotypes. We provide several analytical insights into within-host constraints between multiple variables. These relationships can be used to integrate theory with empirical observations, such as those in [6] , where one could try to estimate biological parameters from reported experimental variables.
Although only implicit in our model's parameters, sufficient host immune competence is typically needed to reduce infection levels and drive bacteria towards ultimate and stable clearance. How microbial life-history traits respond to the presence of dynamic host defences, and eventually drug treatment feedbacks remains open to further investigation.
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V. APPENDIX The system admits 3 equilibria: i) the trivial (0, 0, 0), the clearance (K, 0, 0), and the infection persistence (M * , I * , B * ). The persistence equilibrium only exists if inequality (4) is satisfied and is given by: 
